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Abstract

We discuss the forced dynamics of an advancing and receding contact line on a soft viscoelastic
substrate, using the framework of a mesoscopic thin-film model. Specifically, we consider the geometry
of a dip coating experiment where the substrate is dipped into or dragged out of a liquid bath at a
prescribed angle and speed. In the receding case, we focus on the forced wetting transition, in which
a film is deposited above a critical speed. Numerical continuation reveals the bifurcation scenario and
shows how the critical speed is larger on softer substrates. In the advancing case, we show how the
viscoelasticity of the substrate gives rise to intricate stick-slip motion in a limited velocity regime.

1 Introduction

The process of replacing an initially dry solid—
gas interface by a solid-liquid interface is a
central part of many phenomena in interfacial
fluid mechanics. Depending on the geometry, the
involved materials, and the acting forces, such a
process may be relaxational as for spreading drops
and the imbibition of a porous medium, or it
may be externally driven as in coating technolo-
gies and forced wetting experiments [1-3]. Here,
we focus on the dip-coating process, in which a
solid plate is immersed and/or withdrawn from
a bath of simple or complex liquid at a con-
trolled velocity and inclination angle [4-13]. At
small withdrawal speed the receding contact line
of a partially wetting liquid remains stationary

with respect to the surface of the bath while
above a critical withdrawal speed this is not the
case. Then, the receding contact line will move
and a macroscopic liquid film is entrained on the
moving substrate. This forced wetting transition
is commonly referred to as the Landau-Levich—
Derjaguin transition, after the classical theory for
viscous film deposition on a withdrawn plate [14-
17]. In the asymptotic regime of small capillary
number Ca = nU/~, the deposited film thickness
is controlled by a balance between viscous stresses
and capillarity, leading to the characteristic scal-
ing hoo ~ £.Ca?/3. Here, n and ~ are the dynamic
viscosity and surface tension of the liquid, U is the
withdrawal velocity, and £, = \/7/pg is the capil-
lary length (g is the gravitational acceleration and
p is the mass density of the liquid).



Beyond its fundamental relevance, dip coating
is of considerable practical importance. It pro-
vides a robust route for producing liquid layers
of controlled thickness, depositing surfactants or
particles, and fabricating molecular films on solid
substrates. Closely related protocols form the
basis of Langmuir—Blodgett transfer, where mono-
layers assembled at the free surface of a liquid
bath are transferred onto moving solid supports
[18-23]. The same basic hydrodynamic mechanism
also underlies a broad class of coating and print-
ing technologies, for which control over the onset
of film entrainment is essential [4, 24].

A central question for receding contact lines is
to understand the critical speed at which a film is
deposited. For rigid substrates, this forced-wetting
problem has been studied extensively using lubri-
cation theory, asymptotic analysis, numerical con-
tinuation, and direct numerical time simulations.
These studies have shown that the transition from
a steady meniscus to a deposited film is gov-
erned by the interplay between viscous bending
of the free surface, capillary pressure, gravity,
and microscopic contact-line physics [1-3, 24]. In
particular, bifurcation analyses clarify how the
structure, stability, and existence range of steady
meniscus states depend on the withdrawal velocity
and inclination angle of the plate, and further-
more characterize various qualitative transitions
connecting, e.g., the onset of film deposition to
the occurrence of a saddle-node bifurcation in the
family of meniscus states [5—8, 25—27]. Comple-
mentary, asymptotic approaches are employed to
derive scaling laws for the critical capillary num-
ber at which steady receding contact-line states
cease to exist [28-30].

Most theoretical descriptions of Landau—
Levich transfer assume that the solid support is
perfectly smooth and rigid [10]. However, many
substrates encountered in experiments and appli-
cations are elastically or viscoelastically compli-
ant, i.e., adapt to the moving contact line [31].
Soft gels, elastomers, biological tissues, polymer
coatings, and swollen hydrogel layers and polymer
brushes can deform appreciably under capillary
forces and viscous stresses [32—-35]. The wetting
of such materials is now understood to be qual-
itatively different from wetting on rigid solids,
because the liquid contact line exerts a localized

capillary traction that produces an elastocapil-
lary ridge in the substrate [36, 37]. The resulting
deformation modifies the apparent contact angle,
the dissipation near the moving contact line, and
the relation between microscopic and macroscopic
wetting dynamics [32, 34]. In addition, viscoelastic
dissipation in the substrate can lead to contact-
line braking, velocity-dependent wetting forces,
stick—slip motion, and other dynamical effects
that are absent for ideally rigid solids [38—41].

In this paper we revisit the Landau—Levich
forced-wetting transition for a compliant sub-
strate. To isolate the essential elastohydrody-
namic coupling, the substrate is represented by a
linear Winkler foundation, for which the local ver-
tical displacement is proportional to the normal
stress exerted by the liquid. Although simplified,
this model captures the leading effect of substrate
compliance while retaining a tractable long-wave
formulation. Related local-foundation descrip-
tions have been widely used in soft-lubrication and
elastohydrodynamic problems, where they pro-
vide a minimal framework for coupling viscous
flow to elastic deformation [42]. In the case of a
receding contact line, i.e., when extracting a plate
from a bath, our objective is to determine how
substrate softness alters the bifurcation structure
of the dip-coating problem, the critical withdrawal
speed for film entrainment, and the morphology
of the meniscus near onset. For the advancing
contact line, i.e., when immersing the plate into
the bath, we aim at identifying parameter regions
where the contact line does not advance steadily
but in a jerky manner — the so-called stick-slip
motion of the contact line.



LIQUID

Fig. 1 Cross section of a Landau-Levich meniscus with a foot being dragged out. The local thickness of the liquid (blue)
perpendicular to the undeformed substrate plane is given by the scalar function h(z,t) while the deformation of the soft
substrate (red) is described by a function £(z,t). The elastic substrate is pulled out of or immersed into the bath with a
velocity V' and is inclined w.r.t. the gravity equipotential by an angle a. The inset shows a zoom of the Neumann contact line
region where the liquid-gas interface meets the substrate surface. In the mesoscopic picture a meniscus with finite contact
angle coexists with an adsorption layer of height h, that covers the solid-gas interface as described by a corresponding
wetting potential f(h). The contact line becomes a contact line region and the angles are defined at the inflection points of

the interfaces.

2 Modeling

2.1 Governing equations

Consider a system as depicted in Fig. 1. A vis-
coelastic substrate (red area) is pulled out of or
pushed into a liquid bath (blue area) at velocity
V' and inclination angle o. The coordinate system
is oriented such that the y = 0 plane is aligned
with the substrate surface, i.e., its undeformed ref-
erence configuration, and the z-coordinate points
up-hill. The substrate is considered soft such that
it is deformed by the pressure exerted by the lig-
uid. The local liquid layer thickness and substrate
profile are then described by the scalar functions
h(z,t) and &(z,t), respectively. The three-phase
contact line, where the liquid-gas interface meets
the substrate surface, is characterized by the for-
mation of a wetting ridge and is in a static

scenario described by Neumann’s laws. Assuming
the contact-angles in the Neumann region as well
as the plate inclination angle to be small, the lig-
uid dynamics can be described by the thin-film
equation [43]

0 h3 8ph

=— |——F—| -Va,h, 1
K Ox [377 31’} )
while for the substrate we employ a compress-
ible Kelvin-Voigt dynamics paired with a Winkler
foundation model as in Ref. [44],

D6 = —%pg Vo, . @)

The motion of the plate is modeled by the con-
vection term added to both equations where the
sign is chosen such that for V' > 0 the plate



moves in positive x-direction, i.e., the substrate is
pulled out of the bath, see Fig. 1. Here, we intro-
duced the dynamic viscosity of the liquid 7, and
an elastic friction constant ¢ describing the dissi-
pation inside the elastic layer. The coupled kinetic
equations (1) and (2) correspond to a conserved
and nonconserved dynamics, respectively [45] as
the liquid is incompressible [46] and the soft sub-
strate is assumed to be fully compressible [44].
The dynamics is driven by the substrate veloc-
ity V' that keeps the system permanently out of
equilibrium. However, if the substrate remains at
rest, the model is of gradient dynamics form and
the system ultimately approaches an equilibrium
state [47].

Correspondingly, the pressures p;, and pe at
the respective interfaces follow as functional vari-
ations of a governing free energy JF which is
decomposed as follows
]:[h7 5] = fcap[h7 E] + fwet[h] +]:el[£] +Fg[h7§]>

3

The first term corresponds to capillary energy of
both the solid-liquid and the liquid-gas interfaces.
In the long-wave limit it is given by

|52 (0h +0,6)” + 5 (9:6)%) da,

(4)
where vy, and ~4 are the liquid-gas and solid-
liquid interfacial energies, respectively. To allow
for contact line movement we employ an adsorp-

tion layer model by introducing a wetting poten-
tial f(h) of the form [45]

2 (ha\*

2 (%) 4, %)
that combines attractive long-range van der Waals
interactions and repulsive short-range adhesion
forces [24, 47, 48]. This wetting potential ensures
that the substrate is always covered by an ultra-
thin adsorption layer of thickness h, where it is
considered macroscopically dry [49]. Consider the
zoom in Fig. 1 for a visualization of how the
contact line region changes when going to the
mesoscopic description. The Hamaker constant A
is chosen such that the effective solid-gas interface

energy vsg = Vsl + Mg + f(ha) is recovered. It is
thus related to the equilibrium contact angle 6y

Feslti€ = [

R

through Young’s law, vsg — 71 = Yig cos Oy, which
yields

1
A= Eoyhz(l —cosfy) ~ gyﬁ%hi ’ (6)

where the long-wave approximation has been
applied in the last step. The contribution of the
wetting potential to the complete free energy
functional is

IWW=AﬂWM (7)

Next, the work stored in the elastic deformation
of the substrate is taken into account. In the sim-
ple case of the Winkler foundation model, with
only vertical displacement being considered, this
contribution is given by a quadratic potential [50]

52
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i.e., as for a simple continuous spring, with effec-
tive softness, or inverse stiffness, S. Finally, the
contribution of gravitation is accounted via the
potential

Felh, &) = /R {@((ﬁ +6? )+ pgsinahx} dx

~ [ (B¢ - )+ pgate] aa.
R

(9)
where p is the liquid mass density and g the gravi-

tational acceleration. The pressures then follow as
variations w.r.t. the two variables

§F
pn =5 = g0 (h+ &) —TI(h) + pg[h + & + zal,
(10)
§F
Pe =g = ~Mg02(h+ &) — 11056 + % + pgh

(11)

where we introduce the disjoining pressure II(h) =

—0Onf(h).
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Fig. 2 Sketch of a Neumann contact line region as created by a liquid-gas interface hitting the surface of an elastic substrate.
In the macroscopic picture (a) the interfaces meet at the three phase contact angles at the respective angles 64, 6¢ and Osg.
In the mesoscopic picture (b) the solid-gas interface is covered by an adsorption layer of height ha and the corresponding
energy corrected via a wetting potential f(h). The contact line becomes a contact region and the angles are defined by the

deflection points of the interfaces.

2.2 Macroscopic
nondimensionalization

The resulting equations are nondimensionalized

using the capillary length le., = +/7g/(pg) as
horizontal and @y lc.p as vertical scale (as in [29])

h — eYecap]_la f - eYécap& T — écap‘f . (12)
The characteristic time scale is chosen as "eC;;,’,
MNegly

while the pressure scale is Y1g6y /lcap. Then, the
dimensionless dynamical system (bar quantities
are dimensionless) reads

73
ot =0; (g0 ) ~Caoh, (13
0 = — 71-155 —Ca 0:¢ (14)
and the pressures
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Here we have defined the elastocapillary length as
lec = \/MgS. This nondimensionalization will be
used in Sec. 3.

2.3 Mesoscopic
nondimensionalization

Alternatively, a nondimensionalization that is
adapted to the mesoscopic description can be
used. The latter is relevant when contact-line
physics is mainly governed by the local micro-
scopic structure, and will be employed in Sec. 4.
The mesoscopic scaling chooses the adsorption
layer height h, as characteristic scale for all ver-
tical lengths instead of the capillary length in
the macroscopic scaling. The horizontal scales are
renormalized such that the disjoining pressure and
capillary term are of same order, i.e., horizontal



scales are renormalized by h,+/3/5/0y

L, [3hat
. 3
5 0y

h— hah, €= haf, (18)

The characteristic time scale is chosen accordingly

3\2 3nha §'Ylg9;2/
as (5) s and pressure scale as 3 i Then,

the dimensionless dynamical system (here tilde
quantities are dimensionless) reads

3
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and the pressures
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This nondimensionalization will be used in Sec. 4.

2.4 Numerical methods

In the following we explore the behavior of reced-
ing and advancing contact lines by numerically
solving Egs. (13) and (14) using two different
open source software frameworks. AUTO-07p [51]
is a Fortran-based software package for numerical
continuation and bifurcation analysis. It is used to
perform the parameter continuation for the reced-
ing contact line case, presented in Sec. 3.2. The
remaining results are produced using PYOOMPH
[52]; a Python package for finite-element simula-
tions and bifurcation analysis, based on the C++
libraries OOMPH-LIB [53, 54] and GINAC [55]. It is
used to perform both, time simulations as well as
parameter continuation. Such continuation tech-
niques follow a branch of states when a parameter,
e.g., the capillary number Ca, is changed [56, 57|
and are frequently used in the analysis of meso-
scopic hydrodynamic models 26, 43, 45, 58, 59].
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Fig. 3 Scenarios occurring in the case of a receding con-
tact line (Ca> 0). These are (a) a steady meniscus, (b) a
meniscus with a steady or stationary advancing foot, and a
meniscus coexisting with a macroscopic film that is dragged
out of the bath.

3 Receding contact line Ca > 0

In case of a receding contact line, that is the sub-
strate is pulled out of the bath, a great variety
of scenarios may occur depending on the inclina-
tion angle and pulling velocity. These scenarios are
extensively studied for perfectly rigid substrates
in Ref. [26]. In general there are three scenar-
ios to be distinguished: (1) the meniscus remains
steady and is only slightly deformed in dragging
direction [Fig. 3 (a)], (2) a finite liquid foot is
pulled out of the bath [Fig. 3 (b)], the length of
which is governed by a balance of the viscous drag
and the downhill gravitational pull, and (¢) an
ever growing liquid foot which results in a homo-
geneous film deposited on the substrate [Fig. 3
(¢)]- In industrial applications such a deposition
of a homogeneous liquid layer is the desired or an
unwanted outcome, depending on the context. It
is therefore important to predict the critical plate
velocity V. for deposition. This critical velocity
marks the threshold at which the static meniscus
destabilizes into an ever growing liquid foot that
is dragged along the substrate.



In the following, we study this wetting transi-
tion for elastic substrates (i.e. we set the substrate
relaxation time 7 = 0). The steady states are
traced by a numerical continuation method, based
on which we identify the critical plate veloc-
ity. Specifically, we are interested in identifying
how this critical speed depends on the softness
of the substrate. In this section we stick to the
macroscopic nondimensionalization as introduced
in Sec. 2.2.

3.1 Steady-state equation &
boundary conditions

The dynamic wetting transition occurs via desta-
bilization of the steady meniscus state. This state
is determined by solving the static equations, i.e.,
Egs. (1) and (2) with 9:h = 0:£ = 0. The liquid
equation can then be integrated once, leading to

B(h+§) = 3Cah°°}_L; h +0:(h+&+¢  (24)
— €0 11(h)0zh , (25)
02¢ = 1 §+7L+Tca 026 — 0X(h +€)
o | L

(26)

where the integration constant h., corresponds
to the normalized liquid flux. Below a critical
capillary number, no macroscopic liquid film is
entrained; only the residual flux associated with
the mesoscopic adsorption layer remains, so that
heo = h,. Above a critical capillary number Ca,.,
a macroscopic film with Ao, > h, is entrained.

On the far left, i.e., z — —oo in Fig. 1,
the liquid-gas interface transitions into the bath
surface and is assumed perfectly horizontal, that
is

lim 9z(h+&) =—¢ (27)

T——00

in the rotated coordinate system. Due to vanishing
curvature of the liquid-gas interface in the bath,
the substrate height is governed exclusively by the
balance of gravitational pressure exerted by the
liquid and elastic restoring forces

E=—Ch (28)

which leads to the condition

. = Ll

Note, that this restricts us to the parameter range
0 < £ < 1 where for £ — 1 the depression
of the substrate due to gravity, i.e., the weight
of the liquid, becomes equal to the liquid layer
thickness such that ¢ — —h and h + & — 0.
Finally, in the out-of-bath direction, i.e., x — oo
in Fig. 1, we have h — ho. Both, h and &,
are assumed to exhibit vanishing curvature such
that Eq. (28) remains valid, which leads to the
boundary conditions

lim h=e, (30)
r—00
lim € = —Le. (31)
r—00

3.2 Bifurcation diagrams: Critical
speed versus softness

Using continuation techniques, Eqgs. (25) and (26)
are solved numerically while some parameter, e.g.,
Ca, is changed, allowing us to follow the branch
of steady menisci in parameter space. The result-
ing bifurcation diagram is shown in Fig. 4(a) for
different values of the substrate softness £. When
increasing Ca from zero, eventually each branch
folds back at a saddle-node bifurcation where the
state becomes unstable. These bifurcations define
the critical capillary number Ca,, i.e., a critical
substrate velocity, beyond which there exist no
steady meniscus states anymore. The main inter-
est of this section is to establish how Ca,. depends
on the softness. Figure 4(b) reports this critical
capillary number as a function of £. The rigid case
corresponds to £ = 0, and one observes a mono-
tonic increase of Ca. as the substrate becomes
softer.

To quantify how the critical speed increases
with softness, we propose the following mecha-
nism. In the rigid limit, the critical speed crucially
depends on the separation of a microscopic and
a macroscopic scale. The macroscopic scale is set
by the capillary length {.,, in the dip-coating
geometry. In the present mesoscopic model, this
microscopic scale is provided by the adsorption
thickness h,, which regularizes the contact-line
region through the disjoining pressure. Thus, h,
is a mesoscopic parameter of the hydrodynamic
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Fig. 4 Bifurcation diagrams showing the branch of steady meniscus states, characterized by the dragged-out volume AV
against the capillary number Ca, i.e., the dimensionless velocity of the substrate, for different softness £ of the substrate
ranging from very rigid £ = 0.001 to very soft £ = 0.9. A clear trend is visible in the shift of the branches as the softness
increases. The critical capillary number Ca., where the dynamic wetting transition occurs, is marked by diamonds and
shown in (b) versus the softness parameter £. The dimensionless adsorption layer thickness is fixed to € = 0.001, while o = 1.

model, but it plays the role of the microscopic
cut-off in the asymptotic argument.

The larger the scale separation between
microscale and macroscale, the more dissipa-
tion is encountered during contact line motion;
by consequence, the maximum speed decreases
with increased scale separation. We argue that
the introduction of the elastocapillary length l.,
related to the substrate deformation, provides a
new cut-off scale for the viscous stress. Indeed,
substrate deformation becomes significant when
loc > h,. This increase in microscopic cut-off
scale is expected to lead to a reduced dissipation,
thereby increasing the critical speed of the forced
wetting transition.

To test the above hypothesis, we explore the
dependence of Ca. on the ratio h,/(604cap), which
is the relevant parameter in the rigid limit, and on
the ratio lec/(ha/0). The result is shown in Fig. 5,
where the colors indicate different hy,/(0cap). On
the left panel, the respective lowest data points
correspond to the rigid substrate. The black
dashed line corresponds to the rigid asymptotic
theory of Ref. [29] for the critical point of the tran-
sition. Specifically, the critical capillary number

Ca, is the solution of the implicit equation

CeapCal/ >0y

=1- 1
0 9Ca.In (kjl I

> , k1 =0.187.

(32)

We remark that Ref. [29] uses a Navier slip model
to regularize the contact line singularity, while
an adsorption layer is used here. Therefore, here
we replaced the slip length used in Ref. [29] by
the adsorption layer thickness, and the numeri-
cal prefactor k; inside the logarithm in Eq. (32)
has been fitted on the numerical data of the most
rigid case. We observe the numerical data to con-
verge to (32) for smaller ratios ha/(0y fcap), i€,
when the scale separation is larger, in line with the
asymptotic nature of the theory. The right panel
of Fig. 5 shows the dependence on softness, via
Lec/(ha/0). As the elastocapillary length becomes
larger than h,/60y, the critical speed gradually
increases. Indeed, this is in line with a reduction
of dissipation due to f.. serving at the micro-
scopic cutoff. More quantitatively, the dependence
on elastocapillary length is relatively weak, and
seems to follow a o In/,. scaling in the soft
limit. Based on this observation, we propose an
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interpolation function as

I (33)

X (1 — koln (1 + 92%“)) . ko = 0.045,

where the numerical prefactor ks has been fitted
globally on all data of Fig. 5. The fit indeed sug-
gests the emergence of a softness-induced regime
that might be amenable to asymptotic analysis,
in the spirit of the rigid theory [60].

We conclude this section by illustrating the
dynamics above the critical point, i.e., when no
steady state exists, using time-resolved numerical
simulations. This is illustrated in Figure 6 by a
space-time plot where the left panel focuses on the
liquid interface and shows the continuous depo-
sition of a film, while the right panel highlights
the corresponding elastic deformation of the sub-
strate. These simulations correspond to a plate
velocity just above the critical value. These results
confirm that the bifurcation of the steady states
in Fig. 4 is indeed associated to the onset of film

1/3

Fig. 6 Space-time plot of the profiles of the (left) free
surface of the liquid and the (right) soft substrate for a
continuously growing liquid foot that is pulled out of the
bath when increasing the capillary number to a value Ca =
0.095 slightly above the critical value Cac. The remaining
parameters are L =0.1, ¢ =0.01,0 =1,7 =0 and ¢ = 1.

formation, where the contact line gradually pro-
gresses up the plate, once the critical speed is
exceeded.

4 Advancing contact line
Ca<o

4.1 Stick-slip behavior

When immersing the considered soft substrate
into the liquid (V' < 0), a phenomenon occurs
at the now advancing three-phase contact line
that is not observed when extracting the substrate



from the bath, i.e., for a receding contact line.
Namely, there exist parameter ranges where the
contact line does not advance steadily but in a
jerky manner.

Such stick-slip motion is common for advanc-
ing and receding contact lines on real, i.e., topo-
graphically and chemically heterogeneous sub-
strates where the contact line seldom proceeds
smoothly but instead moves through a sequence
of pinning and depinning events [1, 61-66]. Then,
a finite force is needed for depinning — an effect
closely related to contact angle hysteresis on ran-
dom substrates [67, 68]. Investigations for regu-
larly patterned substrates [69-74] allow for deeper
insights into the details of the mechanism and
resulting bifurcation structure. During the stick
phase, the contact line is anchored at a hetero-
geneity while the contact angle evolves quasi-
statically; once a critical angle is exceeded, the
contact line rapidly slips to a new metastable
configuration.

Besides the mentioned cases where the stick-
slip motion is caused by the interaction of the
contact line with preexisting substrate hetero-
geneities, stick-slip dynamics may also emerge for
ideally homogeneous substrates that only become
nonuniform in the presence of three-phase contact.
However, then additional degrees of freedom need
to be involved that interact with the moving con-
tact line in such a way that a self-organized stick-
slip dynamics emerges. A prominent example is
the deposition of regular or irregular patterns of
a solute at a receding contact line of a solution or
suspension with a volatile solvent - the so called
coffee-stain effect [75-81]. More recently, stick-slip
behavior was also reported for contact lines mov-
ing on adaptive and flexible substrates. Exper-
imental observations exist for forced or driven
wetting (expanding droplets) on polymer brushes
[82, 83] and on soft solid substrates like viscoelas-
tic gels [39, 84-87] and polymer films [88]. The
behavior is also reproduced within a number of
modeling approaches [40, 41, 89]. For reviews see
[34, 90]. Note that for the adaptive brush-covered
substrate stick-slip is reported for advancing con-
tact lines [40, 82| while for soft solids it is found
in the advancing case [39, 41, 84, 86, 87] and in
the receding case [85].

As for the advancing contact line in the
Landau-Levich geometry a macroscopically dry
substrate is immersed into the liquid, there is no
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0 1 T s+ 5 6 7 8 o
substrate viscosity T

Fig. 7 Occurrence of stick-slip motion in the (Ca,7)-
plane. The light blue area indicates parameter ranges where
the steady meniscus state is linearly stable. It is unstable
in the dark blue region where time-simulations show stick-
slip behavior. The red dashed line represents the prediction
of the onset of the stick-slip regime as deduced in the main
text [Eq. (41)]. In the numerical simulations stick-slip is
only found above a critical substrate friction constant, here
7 & 3.5. The remaining parameters are o = 0.1, s = 102.

macroscopic liquid film where downhill gravity
and uphill dragging force balance. Therefore, in
the following investigation of stick-slip motion, for
simplicity, we neglect gravity, i.e., we employ the
model presented in section (2.1) without F,.

In the receding situation, a precise descrip-
tion of the outer scale is essential, as it governs
the transition between the scenarios of wetting
(see Fig. 3, meniscus-foot-film). By contrast, the
stick-slip instability discussed here is not con-
trolled by this outer structure. Rather, it is a local
instability of the advancing contact line coupled
to the substrate deformation. In this sense, the
wetting ridge plays the role of a self-generated
heterogeneity. Its characteristic size is set by the
elastocapillary length /.., whereas the gravity-
controlled outer scale ., is not expected to affect
the mechanism to leading order. For this reason, in
the following investigation of stick-slip motion, we
neglect gravity and employ the model presented
in Sec. 2 without the gravitational contribution
Fg. In this limit, the gravity-based parameter
€, defined in Sec. 2.2, is no longer a control
parameter. Instead, the relevant softness is mea-
sured by the mesoscopic parameter s = %6% =
5¢2./(3h?), which compares the elastocapillary
length to the adsorption-layer scale. Equivalently,
the relevant non-dimensional parameter charac-
terizing the substrate friction is 7. Hence, the
nondimensionalization of Sec. 2.3 will be used in
the remainder of the paper.



Fig. 8 Space-time plot of the profiles of the (left) free sur-
face of the liquid and the (right) soft substrate illustrating
the typical dynamic behavior of the three-phase contact
line and the wetting ridge in the stick-slip regime, namely,
at 7 = 5 and Ca = —0.043. The remaining parameters are
as in Fig. 7.

Here, we combine numerical continuation of
steady meniscus profiles with direct time sim-
ulations. The continuation provides the steady
states and their linear stability in the parameter
plane spanned by the nondimensional immersion
velocity Ca < 0 and the substrate friction con-
stant 7. Direct time simulations are then used to
characterize the corresponding unsteady dynam-
ics. In the linearly unstable region, the long-time
behavior of the system corresponds to regular
time-periodic stick-slip motion. A typical exam-
ple, taken near the center of the stick-slip region,
is shown as a space-time plot in Fig. 8.

The stability results are summarized in Fig. 7.
There, stick-slip motion of the contact line occurs
in the dark blue region while in the light blue
region the steady meniscus is linearly stable.
Overall, we find that below a lower critical sub-
strate friction constant, here 7 ~ 3.5, the steady
meniscus is stable for all plate velocities while
above this critical value an intermediate velocity
range exists where regular stick-slip motion pre-
vails at large times. As in the case of a polymer
brush-covered substrate [40], also here we do not
observe more complex spatio-temporal states than
time-periodic states.

To further analyze the onset and properties
of the stick-slip motion, we present in Fig. 9(a)
the dynamic angle 6;;, with ij the correspond-
ing phases, as a function of the Capillary number
for a fixed 7. Here, we define a dynamic angle
as the angle formed by an interface ij with the
reference y = 0 undeformed substrate, obtained
by extrapolating the numerical steady profiles.
Fig. 9(b) furthermore provides the time-period T.
Inspecting the figure, we note that 6i, has a non-
monotonic evolution with |Ca|, meaning that it
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Fig. 9 (a) Dynamic liquid-gas contact angles ), obtained
by extrapolating the steady-state numerical interface pro-
files to the contact-line region, are shown as a function
of the capillary number Ca. Linearly stable and unsta-
ble steady menisci are indicated by solid and dashed blue
lines, respectively. For the time-periodic stick-slip states,
the minimum and maximum values of 6|z during one oscil-
lation cycle are shown as red lines. The small range of Ca
where both states are linearly stable indicates a narrow hys-
teresis region at the lower end of the stick-slip regime. (b)
Time period T (in mesoscopic time units) of the stick-slip
motion. The remaining parameters are as in Fig. 7.

becomes larger with increasing |Cal at small |Cal,
but decreases at larger |Ca|. The Capillary num-
ber where the dynamic angle is locally maximal
roughly coincides with the lower end of the range
where stick-slip is found.

Overall, the behavior is similar to observations
reported in [40] for a contact line advancing on
an adaptive substrate formed by a polymer brush
that can absorb liquid and swell. In particular,
the behavior at the lower end of the stick-slip
region is qualitatively nearly equivalent. However,
at the upper end of the stick-slip region, in [40] the
angle 6, increases again while here it continues to
slowly decrease with increasing |Cal. It only starts
to increase again at much larger |Cal, namely for
the parameters of Fig. 9 at about Ca=—0.088 (cf.
Fig. 10).

For an adaptive polymer-brush substrate that
can deform under absorption of liquid, [40] pro-
vides estimates for the lower and upper limits of
the stick-slip velocity regime based on a time scale
argument and a Gibbs condition, respectively.
Next, we investigate whether these estimates can
be employed also in the present case.



4.2 Low-velocity onset of stick-slip
motion

The lower velocity limit of the stick-slip regime is
determined by the competition of two time scales.
The first, 7., characterizes the relaxation of the
viscoelastic substrate in response to an external
force. Here, it is proportional to the Kelvin—Voigt
time scale corresponding to the product of sub-
strate friction constant with softness, i.e. (S. The
second, 7, is the time required for the contact line
to travel a distance comparable to the width of
the wetting ridge at the imposed velocity. Stick-
slip motion is expected to set in when both time
scales become comparable, 7. ~ 7,. Below this
threshold the liquid forms a static meniscus with
a fully developed wetting ridge, whereas above it
the substrate can no longer relax fast enough to
follow the moving contact line.

Both time scales can be made explicit by solv-
ing the substrate dynamics induced by an upward-
pulling point force, as detailed in Appendix A.
Using the mesoscopic nondimensionalization, the
solution reads

~ep( #2r

S~ 1 re Aol Ts -
&(z,t :7/ _ dt’ . (34
R A o

For t — oo the substrate profile converges towards
the ridge-like shape

|Z]

. . 1 /s
flifgcf(x7t> = 2\/;exp(—\/£> )

(35)

500(‘%) =

which is characterized by the vertical length scale
& = £xo(0) = 1/s/c and the horizontal length
scale , = 2,/0s. The resulting ridge profile is
shown in Fig. 11 in Appendix A.

The horizontal extent £, fixes the travel time
scale. Since in the mesoscopic nondimensionaliza-
tion the advection term is scaled by (3/5)3/23Ca,
this expression plays the role of the dimension-
less contact-line velocity, the time to traverse one
ridge width is

(36)
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The relaxation time scale 7, follows from the
temporal build-up of the ridge tip at & = 0 (i.e.,
Eq. (38) for & =0)

. 1 t e—f’/rs
€0t = 5 | —=
2J)o Vaort

which, using the substitution ¢ = 7su?, evaluates

to
00 = T2 [T
’ o 2 O’\/’]? 0 € “
grerf \/i ,
TS

with the Gauss error function erf(-). The resulting
prediction for the tip dynamics is compared with
numerical simulations in Fig. 12 in Appendix A.

A natural measure of the relaxation is the half-
value time, at which the tip has reached half of its
asymptotic height,

ar’ | (37)

(38)

In2
~ _ f,l 1 2 ~ TS 39
T1/2 TS [er (2)} 3.047 ) ( )
so that the relaxation time scale is
TS
7. = . 40
T 3047 (40)

Equating the two time scales, 7, = 7, finally
yields an estimate of the lower velocity bound of
the stick-slip regime,

3
6.1 /o (5
~'u = N’I’ = C min ~ S—A\/— |3 . 41
=T & 3t \ s (3> (41)

In Figure 7 the estimate is indicated by a red
dashed line. A comparison with the results of the
linear stability analysis of the steady meniscus
state show very good agreement at large substrate
friction constant 7 and an increasing deviation at
smaller 7. The lower critical 7 is not captured by
the estimate.

4.3 High-velocity limit

For an adaptive polymer-brush substrate that can
deform under absorption of liquid, Ref. [40, 90]
shows that the high-velocity cessation of stick-
slip motion is well captured by a simple Gibbs



contact angles 6
5

capillary number |Ca|

Fig. 10 Dynamic liquid-gas (015, blue) and solid-gas (6sg,
purple) contact angles, extracted from the steady-state
numerical profiles, are shown as functions of the capillary
number Ca < 0. In the range indicated by dashed lines,
time simulations converge to stick-slip motion. Further-
more, the angle difference |0z — Osg| (red) is compared
to the equilibrium Young angle 6y (gray). This allows an
assessment of the Gibbs criterion. All parameters are as in
Fig. 9. Here, the mesoscopic nondimensionalization is used,
for which the Young angle corresponds to 8 = /3/5 (solid
gray line).

criterion that predicts the depinning of a static
contact line from sharp corners of a topographi-
cally structured solid rigid substrate when control
parameters like liquid volume are changed [91, 92].
It has also been successfully applied in other
out-of-equilibrium situations [93].

In our case, the condition limits the slope of
the liquid-gas interface encoded in the dynamic
angle 6y, (shown in Fig. 9) relative to the maximal
angle of the outer flank of the wetting ridge, here
0sg. The criterion states that if the difference |6, —
Osg| is larger than the equilibrium Young angle 6y
the contact line is in an unstable state and will
depin.

Fig. 10 shows the relevant dynamic angles, and
as well their difference in comparison with the
the static Young angle for a larger range of Ca
than Fig. 9. Inspection of the figure shows that
the dynamic angle 6, increases with increasing
substrate speed at small and large |Cal|, however,
decreases at intermediate values. In contrast, O,
only increases at small |Ca| and then continu-
ously decreases. The resulting difference |0}y — O]
increases monotonically.

The dynamic Gibbs condition corresponds to
the statement that the contact line will detach
from the tip of the wetting ridge once the open-
ing between the two interfaces can no longer
even temporarily sustain the equilibrium (Young)
configuration at the tip,

g (Ca) — 0x(Ca) > Oy , (42)
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i.e., when in Fig. 10 |6y — 0| crosses the static
Young angle fy at Ca =~ —0.09. Then, the contact
line begins to surf the ridge, terminating the stick-
slip regime.

As for the case of an advancing contact line
on a polymer brush [40], stick-slip cycles occur
only over a subset of the velocity interval where
iy decreases. Comparing the observed stick-slip
region with the theoretical predictions, we find
that the low-velocity boundary is well approxi-
mated by both, the onset of the decreasing-6,
regime and the cross-over of time scales, whereas
the high-velocity boundary is predicted by the
Gibbs criterion that coincides with the end of
the decreasing-0y, regime. The agreement is better
at the low-velocity boundary than at the high-
velocity boundary. At the parameter values of
Fig. 10 the larger difference is about 25%.

We conclude that in the high-velocity limit,
a dynamic Gibbs condition provides the correct
order of magnitude for the cessation of stick-slip
motion, but is not precise enough to provide a
quantitative prediction.

5 Conclusion

We have investigated the driven (de)wetting on
compliant substrates, namely, the forced dynam-
ics of advancing and receding contact lines on
soft elastic substrates in a Landau-Levich geom-
etry. This provides a minimal yet rich setting
in which the interplay of capillarity, wettabil-
ity, substrate softness and driving force can be
studied systematically within a mesoscopic hydro-
dynamic framework. In particular, numerical con-
tinuation allowed us to characterize stable and
unstable steady menisci while direct time simu-
lations have provided information regarding the
complex unsteady dynamics.

For receding contact lines, our main result is
that the critical capillary number for the forced
wetting transition increases with the softness of
the substrate. Thus, softer substrates can sustain
larger withdrawal speeds before a macroscopic
Landau-Levich film is deposited. Hence, the influ-
ence of deformation is already present even in the
absence of explicit dissipation or friction in the
substrate. It is therefore not only the viscoelas-
tic loss in the solid that modifies the transition,
but also the static elastic deformation of the sub-
strate in the contact line region and the resulting



change in the contact-line geometry [60]. The for-
mation of an elastic wetting ridge alters the local
matching between the microscopic contact-line
region and the outer meniscus. This effectively
delays the onset of film deposition, as quantified
by an increase of the critical Capillary number
with substrate softness. We interpret this trend
as a consequence of the elastocapillary length
reducing the effective scale separation that con-
trols contact-line dissipation. This picture moti-
vates an interpolation formula that reproduces
the observed dependence on softness. However, a
complete asymptotic description is considerably
more involved. In particular, in the viscocapillary
regime the governing equations contain cubic non-
linearities that lead to a nontrivial structure of the
asymptotic solutions and make a direct analytical
treatment challenging.

For advancing contact lines, the viscoelastic
response of the substrate gives rise to the quali-
tatively different phenomenon of stick-slip motion
that occurs for sufficiently soft substrates in an
intermediate range of driving velocities. In this
regime, the contact line alternates between phases
of very slow motion, during which the wetting
ridge builds up and pins the contact line, and
rapid slip events, during which the contact line
depins from the ridge and advances to a new
position. Such dynamics only occur when the
substrate relaxation is sufficiently slow, corre-
sponding to a minimum value of the substrate
friction parameter. If the substrate relaxes too
rapidly, the wetting ridge can follow the contact
line quasi-statically and no pronounced stick-slip
instability is observed. The period of the stick-slip
cycle decreases with increasing driving velocity,
consistent with the reduced time available for the
substrate to deform during each cycle. At the low-
velocity onset, the transition to stick-slip motion
shows hysteresis, indicating the coexistence of
steady sliding and time-periodic states over a
finite parameter range. This onset can be rational-
ized by comparing two characteristic time scales:
the time associated with the imposed contact-
line motion and the intrinsic relaxation time of
the substrate. When these become comparable,
the substrate can no longer adjust adiabatically,
enabling oscillatory dynamics. This fully agrees
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with results obtained of an adaptive polymer-
brush substrate that can deform under absorption
of liquid [40, 90].

In contrast, the high-velocity cessation of
stick-slip motion is not very well captured by a
dynamic Gibbs criterion that, however, works well
in the case of the polymer-brush substrate [40].
This suggests that the disappearance of oscilla-
tions at large velocities is governed by the full
dynamic coupling between liquid interface and
substrate deformation rather than by a purely
local geometric criterion.

The numerical treatment of these problems
remains demanding because of the strong separa-
tion of length and time scales. The contact-line
region, the wetting ridge, the outer meniscus and
the bath scale all have to be resolved simulta-
neously, while in the unsteady advancing case
the rapid slip events coexist with much slower
substrate relaxation. Continuation techniques are
therefore essential, but their application is tech-
nically challenging. A natural next step would be
to continue the Hopf bifurcation curves that mark
the destabilization of the steady meniscus state in
two-parameter space in order to obtain a complete
phase diagram for the onset and disappearance
of stick-slip motion. Similarly, the continuation of
time-periodic states and of their bifurcations is
complicated by the need to discretize the tempo-
ral domain, where uniform resolution is inefficient
because the dynamics are strongly localized in
time during slip events.

Overall, the present results demonstrate that
soft substrates can fundamentally alter both the
steady and unsteady dynamics of forced wet-
ting, and highlight several open analytical and
numerical challenges for future work.

Data Availability

The data that support the findings of this study
as well as the python codes for creating the figures
will be made publicly available and deposited on
an online depository.
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Fig. 11 Stationary shape of the wetting ridge forming in
response to a vertical point force, Eq. (44). The exponential
decay sets the ridge width £, = 2./0s, which forms the
base of the triangular envelope (dashed). The parameters
are s =10"% and o = 1.

A Wetting ridge relaxation

We consider the dynamics of the viscoelastic sub-
strate in response to a suddenly applied, upward-

pulling point force a(Z,t) = §(2)O(t), where O(t)
denotes the Heaviside step function. Such a force
triggers the build-up of a (wetting) ridge, whose
final, stationary shape is governed by the static
equation

+ (%) .

0 = a@%é(i)—g(j) (43)

This linear equation is solved by decaying expo-
nential functions, yielding

El@) = lim £@D) = =

s
i—o00 2V o

|]

(&

(44)

The corresponding stationary ridge profile is
shown in Fig. 11. It has a cusped tip at £ = 0 and
decays exponentially over the horizontal length
scale \/os; the ridge width £, = 2./os sets the
base of the triangular envelope indicated in the
figure.

The transient relaxation towards this shape
obeys the diffusion-type equation

A Fourier transformation in space reduces this
to an inhomogeneous, first-order ordinary dif-
ferential equation in time for each wavenumber
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Fig. 12 (top) Build-up of the ridge tip E(O,f) for differ-
ent effective substrate viscosities 7: analytical prediction
Eq. (38) (dashed lines) versus numerical simulations (thick
lines), showing excellent agreement. The half-value times
71,2 are indicated by diamonds. (bottom) Half-value times
obtained from the simulations (diamonds) compared with
the analytical estimate Eq. (40) (black dashed line) as
a function of 7, displayed on a log—log scale. Remaining
parameters are s = 10~% and o = 0.1

The amplitude A(k) = lim; ,__ £(k, 1) = £ (k)
is precisely the Fourier transform of the static



solution (44), while (k) is the associated, k-
dependent relaxation rate. Expressing A(/;) in
terms of A(k) allows the solution to be written as
a time integral,

- 1 1 L
k,t) = (1= MR
§(k:1) TV 21w A(k) [ }
i -
— 1 e—A(k)tl df’
TV27 Jo

1/t 117y
e meme)

Transforming back to real space, the integrand
becomes a Gaussian in Z, and we obtain the full
space-time evolution of the ridge,

o ( 27 t
o1 T )
£(@,t) = f/ E ai’ . (47)
2 Jo vVroTt

The accuracy of this analytical result is con-
firmed in Fig. 12. The upper panel compares the
predicted dynamics of tip growth, Eq. (47) for
Z = 0, with direct numerical simulations for sev-
eral effective substrate viscosities 7; the two are
in excellent agreement over the entire build-up,
and the corresponding half-value times 7/, are
marked by diamond symbols. The lower panel
shows these half-value times as a function of 7,
again comparing the simulation (diamonds) with
the analytical estimate of Eq. (40) (dashed line),
and confirms the predicted linear scaling across
the full range of investigated viscosities.
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