
Chapter 5
Viscoelastic Lubrication Using
the Second-Order Fluid

Alexandros T. Oratis, Vincent Bertin, Minkush Kansal, and Jacco H. Snoeijer

Abstract The classical theory of lubrication is dedicated to the flow of a viscous
fluid in a narrow gap between two solid boundaries, with the specific goal of com-
puting the resulting lubrication forces. These forces can be modified by elasticity:
the solid boundary can deform elastically and/or the fluid can exhibit viscoelastic
stress. Here we focus on the influence of elasticity inside the fluid, using the second-
order fluid model, which for steady flows can be viewed as an expansion for small
elasticity. We demonstrate how viscoelasticity changes the lubrication forces in var-
ious two-dimensional flow geometries, for which analytical solutions are presented.
These examples illustrate the physical mechanisms of viscoelastic lubrication at
small Deborah numbers. We also discuss the challenges of using the second-order
fluid in unsteady flows and large Deborah numbers, and briefly comment on how
the modelling framework can get extended to viscoelastic thin-film flows with free
boundaries.

5.1 Introduction

Thin-film flows between solid surfaces can be found in a variety of biological, envi-
ronmental, and engineering settings. These lubrication flows span significant length
scales, ranging from kilometer-scale runaway landslides (Campbell, 1989), to the
micrometer-scale motion of red blood cells in capillaries (Fitz-Gerald, 1969). Lubri-
cation is crucial in the movement of synovial joints of mammals (Mow & Lai, 1979)
and enhances the movement of machinery, such as gears and bearings (Hamrock
et al., 2004). From a fundamental point of view, lubrication also plays a key role
in determining the friction between two solid surfaces, and thus acts as important
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tool in tribology (Veltkamp et al., 2021, 2023) and rheological measurements (Villey
et al., 2013).

An extensive number of studies have been dedicated to understand fluid lubrica-
tion, since the pioneering study by Reynolds (Reynolds, 1886). An important feature
of lubrication is the thin geometry along which the flow occurs, which enables a
detailed analysis using a long-wave expansion. The flow induces a strong pressure in
the liquid, which then exerts forces on the solid boundaries. Considering the sliding
or rotating motion of two solid objects with symmetric profiles, the vertical lift force
induced by the pressure vanishes for Newtonian lubrication with rigid boundaries.
The pressure typically adopts a perfectly antisymmetric spatial profile, which when
integrated along the sliding object’s surface, leads to a zero lift. The absence of a lift
force is a consequence of the reversibility of the Stokes equations. A way to generate
lift forces is to introduce elasticity either in the solid boundary or the inside the liquid.
As is sketched in Fig. 5.1, the elasticity indeed breaks the antisymmetry of the pres-
sure. For instance, if the wall is soft, the lubrication pressure from a sliding cylinder
parallel to a wall can cause elastic deformations (Fig. 5.1a). The coupling between
the hydrodynamic lubrication with the elastic deformation leads to a pressure profile
that causes a non-zero lift force on the cylinder (Sekimoto&Leibler, 1993; Skotheim
&Mahadevan, 2004). The lift force on the object increases the liquid thickness, and
thus allows for a fast translation past a deformable wall (Salez & Mahadevan, 2015;
Saintyves et al., 2016). This subject of soft lubrication has thus been analyzed for
various solid object geometries and motions (Jones et al., 2008; Martin et al., 2002;
Mani et al., 2012; Pandey et al., 2016). Yet, another method to break the pressure
antisymmetry is to consider to consider elasticity inside the lubricant, as can be the
case for non-Newtonian liquids. Indeed, polymers dissolved in viscoelastic liquid
can stretch with the flow and exert forces on the object arising from normal stress

Fig. 5.1 Breaking the vertical stress anti-symmetry by introducing elasticity. a A cylinder sliding
parallel to a soft wall induces an elastic deformation, which in turn pushes the cylinder upwards. b
A cylinder sliding parallel to a wall in a viscoelastic liquid causes the dissolved polymers to stretch.
c Vertical stress profiles σyy along the horizontal coordinate x . The elastic deformation of the soft
wall or the polymer leads to breaking of the antisymmetry (solid line) compared to the Newtonian
case
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differences (Fig. 5.1b). The remaining question is to quantify how an elastic liquid
can lead to a breaking of the stress antisymmetry similar to an elastic wall (Fig. 5.1c).

In this chapter, we revisit the effect of viscoelasticity on lubrication flows. Incor-
porating viscoelasticity in lubrication equations via long-wave expansions of consti-
tutive models is a difficult task. One possible way to overcome this challenge is to
consider the second-order fluid model, which expresses the stress tensor in powers of
the velocity gradient (Bird et al., 1987; Tanner, 2000). The advantage of the second-
order fluid is that it provides exact expressions for the normal stress differences by
only having to solve the equivalent Newtonian problem. Using the so-called Tanner’s
theorem, one can obtain analytical expressions for the liquid pressure and stresses
without having to solve the flow field of the full viscoelastic problem (Tanner, 2000).
Owing to its simplicity, it has been used to study several creeping flows (Ardekani
et al., 2008; Leal, 1975; Phillips, 1996; Vishnampet & Saintillan, 2012), and in par-
ticular lubrication problems, such as the sliding motion of bearings (Bourgin, 1982;
Huang et al., 2002; Sawyer & Tichy, 1998), the sedimentation of solid particles (Cao
et al., 2022; Hu & Joseph, 1999), and the squeeze flow between two plates (Brind-
ley et al., 1976). However, the second-order fluid has its limitations and can lead to
unphysical predictions of lubrication flows. For instance, it does not predict stress
relaxation and is thus invalid for highly unsteady flows, such as squeezing (Morozov
& Spagnolie, 2015). Furthermore, because the second-order fluid is itself an expan-
sion about the Newtonian fluid, it is valid only for weakly viscoelastic flows. Yet, in
the limit of weak and steady viscoelastic flows, even the more sophisticated upper
convected Maxwell or the Giesekus models yield the same results as the second-
order fluid in the limit of small Deborah numbers (De Corato et al., 2016). We thus
proceed with the second-order fluid, as it still offers the simplest constitutive relation
that admits normal stress differences, and for which exact results can be computed
for lubrication forces.We highlight several features induced by normal stresses, such
as the ability to produce extra lift and the role of pressure variations across the gap
(absent in the Newtonian limit).

5.2 Governing Equations and Tanner’s Theorem

We study the two-dimensional flow generated by an object moving close to a solid
wall, using a Cartesian coordinate system êx , êy (Fig. 5.2). The vertical gap h(x, t)
between the object and wall can vary along the horizontal coordinate x and time
t . The inertia of the fluid is assumed to be negligible, such that the fluid flow is
described by the mass and momentum conservation

∇ · u = 0, (5.1)

∇ · σ = 0. (5.2)
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Fig. 5.2 Schematic illustrating the narrow liquid gap with thickness h(x, t) formed between the
solid wall and the moving object. The velocity of the sliding object is up = U êx + V êy and its unit
normal is defined as n

Here u = uêx + vêy is the fluid velocity, and σ = −pI + τ the stress tensor, which
consists of an isotropic pressure p and a deviatoric stress τ . For the second-order
fluid, the deviatoric stress can be written as

τ = ηγ̇ − ψ1

2

�
γ̇ + ψ2γ̇ · γ̇, (5.3)

where first term corresponds to the contribution due to the fluid’s viscosity η, while
the remaining two terms are the viscoelastic contributions. The parameters ψ1 and
ψ2 denote the first and second normal stress coefficients. The rate of strain tensor
is defined as γ̇ = ∇u + (∇u)T, with (∇u)i j = ∂u j/∂xi , and the upper convected
derivative as

�
γ̇ = dγ̇

dt
− (∇u)T · γ̇ − γ̇ · ∇u. (5.4)

We employ no-slip boundary conditions at the wall and the object such that

u = 0 at y = 0, (5.5)

u = up = U êx + V êy at y = h(x, t), (5.6)

where U and V are, respectively, the horizontal and vertical components of the
object’s velocity (Fig. 5.2). Finally, themass conservation togetherwith the kinematic
boundary condition give

∂h

∂t
+ ∂

∂x

h(x,t)∫

0

u dy = 0. (5.7)

Importantly, for a second-order fluid satisfying a two-dimensional Stokes flow,we
can apply Tanner’s theorem, which significantly simplifies the analysis (Bird et al.,
1987; Tanner, 2000). This theorem states that for a problem described by velocity
boundary conditions, the velocity field does not differ from the Newtonian version
of the same problem, but the pressure is modified to
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p = pN − ψ1

2η

DpN

Dt
+

(
ψ1

8
+ ψ2

2

)
(γ̇ : γ̇), (5.8)

where pN is the pressure of the Newtonian problem satisfying ∇ pN = η∇2u with
the same boundary conditions. Thus, by solving the Newtonian problem in terms of
the velocity gradient and pressure, we can use Tanner’s theorem to determine the vis-
coelastic pressure, and by extension, the viscoelastic stresses. We note that Tanner’s
theorem is valid only for two-dimensional plane flows with velocity boundary con-
ditions (e.g. no slip, imposed flux, rigid boundaries). The theorem can be extended
for three-dimensional flows only when ψ2 = −ψ1/2 (Bird et al., 1987).

5.3 Lubrication Approximation

Wenow turn to the lubrication approximation for thin gaps.Wefirst recall the relevant
length scales involved in Newtonian lubrication, which lead to the two-dimensional
lubrication equation. We then incorporate the viscoelastic effects of the second-
order fluid via Tanner’s theorem. For completion, we also present the lubrication
approximation by performing a long-wave expansion of the momentum and con-
stitutive relations. The resulting equations offer an alternate route for dealing with
viscoelastic lubrication problems without having to invoke Tanner’s theorem.

5.3.1 Relevant Scales and Newtonian Lubrication

Given the characteristic horizontal and vertical length scales � and h0 respectively,
we can define the parameter ε = h0/� � 1, which is small for slender films. We
non-dimensionalize the variables of interest using the following relations

x̄ = x

�
, ȳ = y

h0
, ū = u

U
, v̄ = v

εU
, t̄ = Ut

�

h̄(x̄, t̄) = h(x, t)

h0
, p̄ = h2

0

ηU�
p.

(5.9)

The lubrication equations are obtained by expanding the flow quantities in powers of
ε, such that {ū, v̄, p̄} = {ū0, v̄0, p̄0} + ε{ū1, v̄1, p̄1} + O(ε2).We start by considering
the Newtonian problem and neglect any viscoelastic contributions. Retaining only
the leading order terms and re-dimensionalizing, the Stokes equations (5.2) in the
lubrication approximation become

∂ pN

∂x
= η

∂2u

∂y2
, (5.10)



180 A. T. Oratis et al.

∂ pN

∂y
= 0. (5.11)

The pressure does not vary across the liquid gap in the y-direction,which is a hallmark
of Newtonian lubrication flows. When we apply the no-slip boundary conditions, the
velocity takes the form

u(x, y, t) = 1

2η

∂ pN

∂x
(y2 − yh) + U y

h
, (5.12)

which consists of a parabolic Poiseuille flow and a linear Couette flow. Integrating
across the film to obtain the flux, the kinematic boundary condition (5.7) reduces to
the Reynold’s equation

∂h

∂t
− ∂

∂x

(
h3

12η

∂ pN

∂x
− Uh

2

)
= 0. (5.13)

Thus, for a given thickness profile, one can solve for the pressure using (5.13) and, by
extension, the velocity using (5.12). The resulting pressure can be used to compute
the lift.

5.3.2 Viscoelastic Lubrication Version 1: Tanner’s Theorem

For the second-order fluid, we can access the relevant stresses in the problem by
applying Tanner’s theorem. Rather than performing a long-wave expansion of the
momentum and constitutive equations, we only need to expand the pressure about
its Newtonian value, as given in (5.8). Using the scales from (5.9), the leading order
viscoelastic pressure reads

p = pN − ψ1

2η

(
∂ pN

∂t
+ u

∂ pN

∂x

)
+

(
ψ1

4
+ ψ2

)(
∂u

∂y

)2

. (5.14)

We note that the pressure depends on the velocity, u, and the dominant shear rate,
∂u/∂y, both of which vary strongly across the film. Moreover, the Newtonian pres-
sure pN is given by (5.13). Thus, unlike Newtonian lubrication where the pressure
remains uniform across the film thickness, the pressure for the second-order fluid
has a non-trivial y-dependence. With this expression for the pressure we can now
compute the leading order terms for each component of the stress tensor, which give

σxx = −pN + ψ1

2η

(
∂ pN

∂t
+ u

∂ pN

∂x

)
+ 3ψ1

4

(
∂u

∂y

)2

, (5.15)
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σyy = −pN + ψ1

2η

(
∂ pN

∂t
+ u

∂ pN

∂x

)
− ψ1

4

(
∂u

∂y

)2

, (5.16)

σxy = η
∂u

∂y
− ψ1

2

[
∂

∂t

(
∂u

∂y

)
+ u

∂2u

∂x∂y
+ v

∂2u

∂y2
+ 2

∂u

∂x

∂u

∂y

]
. (5.17)

Even though the second normal stress coefficient ψ2 appears in the pressure, it com-
pletely disappears from every component of the stress tensor σ (Joseph & Feng,
1996). Taking the normal stress difference we get the expected result

σxx − σyy = ψ1

(
∂u

∂y

)2

. (5.18)

Note that the expressions for the stresses (5.15)–(5.17) are obtained using only the
scales introduced in (5.9). They are independent of boundary conditions or the equa-
tions presented in Sect. 5.3.1. Therefore, these stress expressions exhibit Galilean
invariance and are independent of the reference frame. This invariance will prove
quite useful when we consider objects sliding parallel to a wall in the following
sections.

Since, unlike the Newtonian case, the stress is not uniform across the gap, we
can make the y-dependence of the stress tensor explicit by substituting the velocity
(5.12) in the expressions above. It turns out that only one component of the stress
turns out homogeneous across the gap, namely σyy . The explicit form reads

σyy = −pN + ψ1

2η

∂ pN

∂t
− ψ1

4

[
1

2η

∂ pN

∂x
h − U

h

]2

, (5.19)

which, is indeed independent of y, since pN = pN (x, t). By virtue of (5.18) it then

follows thatσxx has an extra termψ1

(
∂u
∂y

)2
, and thereforeσxx , in general, will exhibit

a y-dependence. It is also of interest to consider the corresponding expression for
the pressure, which after substitution of (5.12) takes the form

p = pN − ψ1

2η

∂ pN

∂t
+ ψ1

4

[
1

2η

∂ pN

∂x
h − U

h

]2

+ ψ2

[
1

2η

∂ pN

∂x
(2y − h) − U

h

]2

.

(5.20)
The contribution of ψ1 is homogeneous across the gap, while there is an inhomo-
geneity associated toψ2.We recall that the total stress tensorσ turns out independent
of ψ2; its appearance in p will be cancelled by the contribution from the deviatoric τ
and is thus of limited physical importance. A similar expression for the viscoelastic
pressure can be computed using a formal long-wave expansion of the full problem,
as is shown in the next subsection.
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5.3.3 Viscoelastic Lubrication Version 2: Long-Wave
Expansion

We close this section by presenting the long-wave expansion of the lubrication flows
using the second-order fluid, without invoking Tanner’s theorem. The analysis is
adapted from Datt et al. (2022). Implementing the scales introduced in (5.9), the
leading order stress components can be reduced to

σxx = −p + (ψ1 + ψ2)

(
∂u

∂y

)2

, (5.21)

σyy = −p + ψ2

(
∂u

∂y

)2

, (5.22)

σxy = η
∂u

∂y
− ψ1

2

[
∂

∂t

(
∂u

∂y

)
+ u

∂2u

∂x∂y
+ v

∂2u

∂y2
− 2

∂u

∂y

∂v

∂y

]
. (5.23)

The resulting Stokes equations then become

∂ p

∂x
= η

∂2u

∂y2
− ψ1

2
N (u, v) + ψ2

∂

∂x

[(
∂u

∂y

)2
]

, (5.24)

∂ p

∂y
= ψ2

∂

∂y

[(
∂u

∂y

)2
]

, (5.25)

where we have introduced a non-linear operator

N (u, v) = ∂

∂t

(
∂2u

∂y2

)
+ v

∂3u

∂y3
+ ∂

∂x

[
u

∂2u

∂y2
− 1

2

(
∂u

∂y

)2
]

. (5.26)

Equation (5.11) indicates that the pressure will vary across the gap, unless ψ2 = 0,
consistent with the result from (5.20). To further investigate how the viscoelastic
contributions in (5.24) and (5.25) affect the pressure, it is instructive to introduce a
modified pressure pm (Datt et al., 2022), defined as

pm = p + ψ1

2

[
u

∂2u

∂y2
− 1

2

(
∂u

∂y

)2
]

− ψ2

(
∂u

∂y

)2

. (5.27)

Using themodified pressure, themomentum equations can be significantly simplified
to
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∂ pm

∂x
=

(
η − ψ1

2

∂

∂t

) (
∂2u

∂y2

)
− ψ1

2
v
∂3u

∂y3
, (5.28)

∂ pm

∂y
= ψ2u

(
∂3u

∂y3

)
. (5.29)

We note that the Newtonian-like structure of (5.10) and (5.11) is recovered when
∂3u/∂y3 = 0. We therefore look for a parabolic structure of the velocity profile

u(x, y, t) = − A(x, t)

2
(y2 − yh) + U y

h
, (5.30)

which satisfies the no-slip boundary conditions (5.5) and (5.6). Here, A(x, t) reflects
the strength of the parabolic flow and in the limit of aNewtonian liquid it is equivalent
to minus the pressure gradient over the viscosity. From the kinematic boundary
condition (5.7), we can obtain an evolution equation relating the flow strength A(x, t)
to the geometry of the lubrication film h(x, t), which becomes

∂h

∂t
+ ∂

∂x

(
Ah3

12
+ Uh

2

)
= 0. (5.31)

Comparing (5.31) with (5.13), we can interpret the flow strength A(x, t) in terms
of the Newtonian pressure via the connection A = − ∂ pN

∂x /η. From (5.29) it follows
that a parabolic velocity profile leads to a uniform modified pressure across the film.
Consequently, the modified pressure can be determined by the horizontal momentum
balance (5.28), which simplifies to

∂ pm

∂x
= −

(
η − ψ1

2

∂

∂t

)
A(x, t). (5.32)

Finally, the modified pressure can be related back to the actual pressure using (5.27)

p(x, t) = pm(x, t) + ψ1

4

[
Ah

2
+ U

h

]2

+ ψ2

[
− A

2
(2y − h) + U

h

]2

. (5.33)

Equations (5.30)–(5.33) can be used to analyze various lubrication problems involv-
ing the second-order fluid. We note that upon replacing A(x, t) with − ∂ pN

∂x /η in
(5.32) we can solve for pm by integrating along x . Injecting the modified pressure
in (5.33), we recover an equation identical to Tanner’s theorem (5.20). Therefore,
in the remainder of this chapter, we shall use the results from Tanner’s theorem to
compute the pressure and stresses for each problem of interest.
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5.4 Applications

5.4.1 Pressure Drop Along a Channel

We contextualize Tanner’s theorem for two-dimensional viscoelastic flows by apply-
ing it to various lubrication problems, starting with the flow along a narrow channel
of varying thickness h(x) and length � (Fig. 5.3). The inlet and outlet of the channel
are set at x = 0 and x = � respectively. Our goal is to determine the viscoelas-
tic effects on the pressure drop along the channel, given an imposed constant flux
q = ∫ h(x)

0 u dy. This problem was recently addressed by Boyko and Stone, using
the reciprocal theorem (Boyko & Stone, 2021). Here, we re-examine this problem
using the formalism developed in Sect. 5.3. From (5.12) and (5.13) we know that the
solution to the Newtonian problem is given by

∂ pN

∂x
= −12ηq

h3
, (5.34)

u(x, y) = −6q

h3
(y2 − yh). (5.35)

Using Tanner’s theorem for lubrication flows (5.14), we can directly solve for the
pressure, which becomes

p(x, y) = pN (x) + 9ψ1

( q

h2

)2
[
4
ψ2

ψ1

(
2y

h
− 1

)2

+ 1

]
. (5.36)

The term q/h2 represents a characteristic shear rate, such that the viscoelastic con-
tribution to the pressure drop can be interpreted as a normal stress difference given
in (5.18). Interestingly, we find that the pressure does not remain uniform across
the channel, and has a y-dependence through the second normal stress coefficient
ψ2. This finding cannot be captured by the reciprocal theorem, as the y-dependence
does not allow for the required integration of the pressure across the channel walls.
Yet, setting ψ2 = 0, we recover a pressure drop relation that agrees with the result
obtained byBoyko and Stone under the same assumption. As anticipated from (5.15),

Fig. 5.3 Schematic of a
channel with length � and
varying thickness h(x). The
imposed flux q causes a
pressure drop �p along the
channel
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the viscoelastic contribution to the horizontal fluid stress resisting the flow depends
on y but not on ψ2

σxx = −pN + 9ψ1

(q

h

)2
[
2

(
2y

h
− 1

)2

+ 1

]
. (5.37)

For Newtonian lubrication flows, the pressure drop and horizontal stress decrease
and increase, respectively, along the direction of the flow. This dependence of the
direction is rooted in the fact that both quantities have a linear dependence on the
velocity. In contrast, the pressure and stress for viscoelastic lubrication flows involve
a quadratic dependence on the velocity. As a result, the viscoelastic contribution to
these quantities is independent of the flow direction. Furthermore, we notice that only
the profile of the channel h(x) dictates the extra pressure drop and stress (Boyko &
Stone, 2021).

5.4.2 Lift on a Sliding Object

We continue by considering the vertical lift force exerted on an object sliding parallel
to a solid wall, such that V = 0 (see Fig. 5.2). It is more convenient to switch to
the frame of reference of the moving object with a shifted horizontal coordinate
x̃ = x − Ut . Using this reference frame, the thickness becomes time-independent
and varies only spatially h(x, t) = h(x̃). As a result, the problem becomes steady and
we can remove the time derivatives in (5.13)–(5.17). The boundary conditions for
the horizontal velocity at the wall and at the object transform to u(x̃, 0) = −U and
u(x̃, h(x̃)) = 0 (see Fig. 5.2). Given the unit normal on the object n ≈ h′(x̃)êx − êy

(see Fig. 5.2), the lift (per unit length), to leading order, can be expressed

L = êy ·
∫

n · σ dS = −
∞∫

−∞
σyy

∣∣
y=h(x̃)

dx . (5.38)

Sincewe are considering the co-moving frame of the object, the flow is steadymaking
the stress σyy in (5.16) simpler to evaluate. Indeed, the first viscoelastic term in (5.16)
vanishes for steady flows (∂ pN /∂t = 0).Moreover, at y = h(x̃)we have u = 0, such
that the second viscoelastic term also cancels. Thus, the lift on the object simplifies
to

L = LN + ψ1

4

∞∫

−∞

(
∂u

∂y

)2
∣∣∣∣∣

y=h(x̃)

dx, (5.39)

whereLN ≡ ∫ ∞
−∞ pN dx is the lift force of theNewtonian problem. The normal stress

effect provided by the second-order fluid induces an extra lift on the object. Once
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the spatial profile h(x) is specified, one can compute the shear rate using (5.12) and
evaluate explicitly the viscoelastic correction. Note that (5.39) is the same expression
obtained by Tanner when considering the force exerted on a tilted plate sliding next
to a solid wall (Tanner, 2000); however, the expression is valid for arbitrary shapes of
the lubricated gap h(x̃).We shall now revisit the tilted plate-slider aswell as the lift on
cylindrical objects to obtain exact expressions for the viscoelastic lift contributions.

Flat plate We first consider the sliding motion of a tilted flat plate. The profile of
the film thickness varies linearly in space h(x̃) = h1 + αx̃ . The slope of the plate
α = (h2 − h1)/� depends on the inlet and outlet thickness h1 and h2 respectively, and
the horizontal span of the plate � (see Fig. 5.4a). For the lubrication equations to be
valid, we require α � 1. This example is a textbook lubrication problem (Batchelor,
1967; Tanner, 2000), as the pressure buildup in the film induces a lift force L on the
plate for h1 < h(x̃) < h2. Our goal here is to determine the viscoelastic correction
to the lift. We first solve for the Newtonian pressure using (5.13)

pN (x̃) = p0 + 6ηU

α(h2 + h1)

(
−1 + h1 + h2

h(x̃)
− h1h2

h(x̃)2

)
, (5.40)

and recall that the velocity remains the same as the Newtonian problem given by
(5.12), which yields

u(x̃, y) = U

(
y

h(x̃)
− 1

) (
6y

h(x̃)2

h1h2

h1 + h2
− 3y

h(x̃)
+ 1

)
. (5.41)

To arrive at this pressure and velocity profile, we have assumed that the pressure at
the ends of the plate reaches the ambient pressure p0. The pressure profile becomes
asymmetric, with the degree of asymmetry depending on the slope of the plate (see
bottom of Fig. 5.4a). From the pressure and velocity profiles we can evaluate the
Newtonian and viscoelastic contributions to the lift in (5.39), which become

L = 6ηU

α2

[
ln

(
h2

h1

)
− 2(h2 − h1)

h2 + h1

]

+ ψ1U 2

α

h2 − h1

(h2 + h1)2

[
h1

h2
+ h2

h1
− 1

]
.

(5.42)

The first term corresponds to the standard Newtonian lift and scales as α−2. Because
this result is valid only in the limit of small slopesα � 1, we anticipate the viscoelas-
tic effects to be a small correction to theNewtonian lift. Indeed, the second-order fluid
is predicated on the assumption of a small Deborah number, De ≡ ψ1U/(2η�) � 1,
and hence leads to lift of order O(α) smaller than the Newtonian contribution. The
effect will be more dramatic for symmetric sliders, as will be clear below.

CylinderWe next examine the motion of a cylinder with radius R moving next to the
wall at a vertical distance h0 (see Fig. 5.4b). This example has similar features as the
cylinder sliding next to a soft wall discussed in Sect. 5.1 (see Fig. 5.1). In the frame
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Fig. 5.4 Horizontal sliding with respect to a wall moving with velocity U . a Cartoon schematic of
an inclined flat plate with thickness h(x̃) = h1 + (h2 − h1)x̃/� and spanning a horizontal distance
� (Top). The Newtonian pressure �pN profile along the film position x becomes asymmetric for
sufficiently small ratios m = h1/h2 (Bottom). b Cartoon schematic of the cylinder with radius R
forming a nearly parabolic film with thickness h(x̃) (Top). The bottom of the cylinder is separated
from the wall by distance h0. The pressure profile becomes antisymmetric with respect to the center
of the cylinder (Bottom)

of reference of the cylinder, the wall is moving with velocity −U . The lubrication
film between wall and cylinder adopts a nearly parabolic shape at the bottom of the
cylinder

h(x̃) ≈ h0

(
1 + x̃2

2Rh0

)
. (5.43)

The pressure for a Newtonian liquid gives a profile (Jeffrey & Onishi, 1981)

pN (x̃) = p0 + 2ηU x̃

h(x̃)2
, (5.44)

which is antisymmetricwith respect to the center of the cylinder (see Fig. 5.4b). Thus,
the Newtonian lift obtained from integrating the pressure is zero, causing no vertical
force on the cylinder. Yet, the normal stress differences break the antisymmetry and
lead to a non-zero force. The pressure profile leads to a velocity

u(x̃, y) = U

(
y

h(x̃)
− 1

) [
yh0

h(x̃)2

(
4 − 3

h(x̃)

h0

)
+ 1

]
, (5.45)

which can be used to determine the shear rate on the plate. Combining the shear rate
with the thickness profile in (5.39), we can compute the lift exerted on the cylinder,
which becomes

L = π

2
√
2

ψ1U 2R1/2

h3/2
0

. (5.46)

As anticipated, the lift for both the slider and cylinder scales with the typical normal
stress difference ψ1(U/h)2 integrated over a length �, which scales as � ∼ h/α and
� ∼ (h R)1/2 for the slider and cylinder respectively.
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Hence, we see a fundamental difference in the role of the viscoelastic stress in
the two examples. In the case of the slider, the lift produced by the normal stress
difference complements the viscous lift but is only a small correction. In contrast, the
symmetry of the sliding cylinder leads to zero lift when surrounded by a Newtonian
liquid. The lift induced by the viscoelastic stress is thus the sole contribution to the
vertical force experienced by the cylinder.

5.4.3 Drag on a Sliding Object

Thus far we have only focused on the vertical forces exerted on the sliding object.
We now turn our attention to the viscoelastic effects on the horizontal drag force.
Using the unit normal, one can evaluate the drag on the object as

D = êx ·
∫

n · σdS =
∞∫

−∞

(
h′(x̃)σxx − σxy

)∣∣
y=h(x̃)

dx = −
∞∫

−∞
σxy

∣∣
y=0 dx .

(5.47)
The last equality arises from Newton’s third law, such that the drag on the object is
equal and opposite to the drag on the wall, y = 0, which is easier to evaluate. Indeed,
using (5.17) we see that for y = 0, the last two viscoelastic terms in the shear stress
vanish, since v = 0 and ∂u/∂x = 0. The first viscoelastic term also vanishes for
steady flows, leaving only one viscoelastic contribution to the drag

D = −
∞∫

−∞

[
η
∂u

∂y
− ψ1u

2

∂2u

∂x∂y

]∣∣∣∣
y=0

dx

= DN − ψ1U

2

(
∂u

∂y

∣∣∣∣
y=0

)∣∣∣∣∣
x→∞

x→−∞
,

(5.48)

where DN ≡ ∫ ∞
−∞ η(∂u/∂y)|y=0 dx is the drag of the Newtonian problem. Impor-

tantly, the dragD vanishes in certain situations depending on the boundary conditions
of the shear rate at the far field. For symmetric objects, the shear rate is identical at
the two extreme ends and thus viscoelasticity does not alter the drag. Similarly, for
objects whose profiles diverge at far-field, the shear rate is zero at the two extremes.
Therefore, within the second-order fluid, viscoelasticity will affect the drag only for
asymmetric objects, whose films at the two ends have a finite thickness.

Returning to the example of the flat plate, we anticipate a non-zero drag due to
the asymmetry the thin film forms with the wall. Making use of (5.41) and (5.48)
we find that the drag becomes

D = 2ηU

α

[
2 ln

(
h1

h2

)
+ 3(h2 − h1)

h1 + h2

]
− ψ1U

2

(
1

h1
− 1

h2

)
, (5.49)
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which is smaller than the Newtonian drag for h1 < h2. Considering the small tilt
angles α � 1 for which this expression is valid, we find again that the viscoelastic
correction is by an order O(α) smaller than the Newtonian drag.

5.4.4 Unsteady Lift Force

All the examples we have analyzed up to this point involved steady flows. As an
example of an unsteady flow, we consider the vertical sedimentation of a flat plate
towards a wall where the thickness of the film varies with time (see Fig. 5.5a). Con-
sequently, the time derivative in (5.16) is no longer zero and the lift on the falling
object consists of an additional term

L = LN + ψ1

∞∫

−∞

⎡
⎣ 1

4

(
∂u

∂y

)2
∣∣∣∣∣

y=h(x̃)

− 1

2η

∂ pN

∂t

⎤
⎦ dx . (5.50)

Solving first for the pressure and the velocity of the Newtonian problem using (5.13)
and (5.12), we arrive at

pN (x) = p0 + 6ηḣ�2

h3

(
x2

�2
− x

�

)
, (5.51)

and

u(x, y) = 3ḣ�

h

(
2x

�
− 1

) (
y2

h2
− y

h

)
. (5.52)

The pressure in the Newtonian problem adopts a parabolic shape, with a maximum
pressure at the center of the plate (see Fig. 5.5a). Injecting the velocity and pressure
profiles into (5.50), the lift becomes

L(t) = −η�3ḣ

h3
+ ψ1�

3

2

(
ḧ

h3
− 3ḣ2

2h4

)
. (5.53)

The first term corresponds to the viscous force, whereas the remaining two terms
are the viscoelastic contributions. We first note that the negative sign of the normal
stress difference term ψ1ḣ2�3/h4, which promotes the attraction of the plate to the
wall, regardless of the direction of motion. The second noteworthy result is that the
other viscoelastic term involves the acceleration of the plate ḧ. Bearing in mind that
ψ1 is to be taken positive, this acceleration term has the same effect as a negative
mass—providing a highly unsteady, unphysical feedback on the dynamical equation
for h(t). This reflects that the second-order fluid is not suited for highly unsteady
flows.
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Fig. 5.5 Prediction of the second-order fluid in unsteady flows. a For a flat plate with length
� translating towards a wall with speed V (top), the Newtonian pressure �pN adopts a spatially
parabolic profile (bottom). b For a Newtonian liquid, the normalized lift forceLh3

0/(ηV �3) diverges
as the thickness decreases (dotted line). Introducing viscoelasticity with the second-order fluid, the
lift force is non-monotonic and becomes negative once the plate has reaches a critical thickness. The
critical thickness at which this transition occurs increases with the Deborah number De = λV/h0
(solid lines). c Equivalently, the normalized lift force diverges as time increases for a Newtonian
liquid. Similarly, the lift force for a Maxwell model also diverges but is smaller than the Newtonian
lift for De = 0.005. The lift force for Maxwell and second-order fluid agree well at early times
(inset), before it starts decreasing for the second-order fluid

To avoid the issue of the acceleration term, we restrict ourselves to the case where
the plate moves downward with a constant speed V . The film thickness decreases
linearly with time h(t) = h0 − V t , where h0 is an initial thickness. Because the
acceleration term drops, the remaining viscoelastic and viscous terms give rise to an
unsteady lift fore L(t) that depends only on the gap thickness h(t), which satisfies
the following dimensionless equation:

Lh3
0

ηV �3
=

(
h0

h

)3

− De

(
h0

h

)4

. (5.54)

We have introduced the initial gap thickness h0 and the Deborah number De =
ψ1V/(2ηε�) = ψ1V/(2ηh0), where ε = h0/� is the initial aspect ratio of the film.
For a Newtonian liquid the lift force diverges with the film thickness as L ∼ 1/h3

(dotted line in Fig. 5.5b). To test the effects of the second-order fluid, we overlay the
prediction of Eq. (5.53) for different values of De. When the plate is sufficiently far
away from the wall, the prediction between Newtonian and second-order fluid are
almost identical. However, as the plate gets closer to the wall, the viscoelastic force
overcomes the viscous force, and leads to a negative lift (solid lines in Fig. 5.5b).
Because the viscoelastic force is negative, it generates an extra force that pulls the
plate towards thewall instead of pushing it. The stronger the degree of viscoelasticity,
the sooner the lift deviates from the Newtonian behavior. From (5.54), we find that
the transition from the repulsion to attraction in the lift occurs when the thickness
reaches a value h = Deh0.
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Bearing in mind the limitations of the second-order model for unsteady flows, we
also discuss a different estimate of the viscoelastic lift, via the linearMaxwell model.
This linear model is valid only for small deformations, i.e. h close to h0, but is able to
capture unsteady effects. Using the lubrication approach described in Tanner (2000),
the lift force then satisfies

(
1 + λ

∂

∂t

)
L = −η�3ḣ

h3
, (5.55)

with λ being the relaxation time of the liquid and is related to the normal stress differ-
ence coefficient through λ = ψ1/(2η). The Deborah number can be expressed with
the relaxation time via De = λV/h0. The lift force predicted by the linear Maxwell
liquid continues to grow indefinitely, slightly slower than the Newtonian lift (dashed
line in Fig. 5.5c). The lift from (5.54) agrees very well with the Maxwell prediction
up to the point where it starts decreasing. This simple example illustrates how the
linear Maxwell model provides much better estimates for very fast and unsteady
flows. Unlike the second-order fluid, the Maxwell liquid exhibits “stress memory”,
where the stress relaxes with the relaxation time λ. Conversely, the linear Maxwell
model is limited to small deformations and fails to capture effects arising fromnormal
stress differences, which are linked to large deformations and are inherently nonlin-
ear. Indeed, considering the steady flows described earlier, the linear Maxwell liquid
would not lead to any viscoelastic contributions to the lift on the plate or cylinder.
One can overcome this limitation with the upper convected Maxwell model, which
involves both normal stress effects and stress relaxation (Phan-Thien&Tanner, 1983;
Tichy, 1996).

5.5 Conclusion and Outlook

In this chapter we employed the second-order fluid to investigate viscoelastic effects
in lubrication flows arising in objects with rigid boundaries. Specifically, for the
two-dimensional geometries we considered we were able to utilize Tanner’s theo-
rem, which allowed for a direct calculation of the pressures and stresses by only
having to solve for the equivalent Newtonian problems. Following the work done by
previous studies (Joseph & Feng, 1996; Tanner, 2000), Tanner’s theorem indicates
that the pressure has a non-trivial y-dependence through the second normal stress
difference coefficient ψ2. Conversely, ψ2 does not appear in any stress component
and, furthermore, the vertical stress component σyy does not depend on y. These
local stresses allowed us to make predictions for global quantities, such the pressure
drop in a channel or the lift and drag forces on sliding objects.

Our analysis shows that the normal stress differences lead to an enhanced lift for a
cylinder sliding parallel to awall. This result supports previously published numerical
findings on sliding cylinders, even at moderate Deborah numbers (Feng et al., 1996;
Singh & Joseph, 2000). An enhanced lift can also be extended to sliding spheres
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using the second- and third-order fluid models (Becker et al., 1996; Hu & Joseph,
1999). However, the lift enhancement on spheres is not supported by numerical
and experimental investigations, which instead show that the sphere tends to be
attracted towards the wall (Becker et al., 1996; Feng et al., 1996; Joseph et al., 1994;
Singh & Joseph, 2000). This discrepancy may stem from the drastically different
Deborah numbers in each respective system. The second order fluid is an expansion
about the Newtonian fluid and is thus valid only for weakly viscoelastic flows at
small Deborah numbers. Conversely, the reduced lift reported by experiments and
numerical simulations was found at moderate Deborah numbers. Why the lift gets
enhanced for cylinders but reduced for spheres at large Deborah numbers remains
an open question.

Unlike the enhancement of the lift, the second-order fluid does not influence the
drag unless the sliding object has an asymmetric profile. The absence of a viscoelastic
contribution to the drag can be simply seen by reversing the flow direction, which
would lead to the same direction for the lift but opposite direction for the drag.
Because, the normal stress differences scale with U 2, they contribute to the lift but
not to the drag. In our analysis we mainly considered the second-order fluid, which
consists of only the first expansion of the stress in terms of the Deborah number.
We thus expect a correction to the drag for strongly viscoelastic flows, which would
involve expanding to higher orders of the Deborah number. Such an expansion would
lead to odd powers of the velocity, such that the flow reversal argument is still fulfilled.
Indeed, this situation resembles the drag past an unconstrained sphere in a viscoelastic
liquid (Leslie & Tanner, 1961). The drag corrections only manifest in even powers
of the Deborah number, and thus odd powers of the velocity (Faroughi et al., 2020;
Housiadas & Tanner, 2016).

As a perspective we conclude by discussing how the analysis employed can be
adapted to interfacial flows of thin liquid films. A key element of the analysis above
is that the flow geometry is externally imposed for rigid boundaries. This is no longer
the case for liquid films that are bounded from above by a free surface; in fact, we
are interested in computing how normal stresses modify the shape of the interface.
The application of Tanner’s theorem is thus not straightforward, and one relies on the
formal long-wave expansion of the system (see Sect. 5.3.3). We recently carried out
this expansion (Datt et al., 2022), leading to a velocity that still exhibits a “Poiseuille”
structure in the vertical direction,

∂h

∂t
+ 1

3

∂

∂x

(
Ah3) = 0, (5.56)

very much like the Newtonian case. Importantly, however, the flow strength A(x, t)
is governed by an auxiliary equation that accounts for viscoelastic effects:

γ
∂3 h

∂x3
− ηA + ψ1

2

[
∂ A

∂t
+ 1

2

∂

∂x

(
A2h2

)] = 0. (5.57)
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This indeed offers a framework for viscoelastic thin films, based on the second-order
fluid. Apart from the interplay between viscous and viscoelastic forces, this equation
also considers capillary effects through the surface tension γ. A few observations
are in order. First, for ψ1 = 0 one recovers the usual viscous thin film equation
via ηA = γ∂3h/∂x3. Second, the equations do not invoke ψ2, i.e. the second normal
stress difference does not play any role in the analysis of capillary stress. This is in line
with the observation that for rigid boundaries the stress only involvesψ1. Third, flows
that are steady in a moving frame (like in dip-coating), the fields are travelling waves
of the form A(x̃), h(x̃), with x̃ = x − Ut ; in this case A(x̃) can be eliminated, to
yield a single, autonomous equation for h(x̃). Recent applications covered the steady
wetting flows encountered for dip-coating (Landau-Levich-Derjaguin problem) and
moving contact lines (Kansal et al., 2024). Though one should bear in mind the
limitations of the second-order fluid, many further extensions can be envisioned
based on the proposed viscoelastic thin film framework.
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